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Abstract. Linsker has reported the development of structured receptive fields in
simulations of a Hebb-type synaptic plasticity rule in a feedforward linear network.
The synapses develop under dynamics determined by a matrix that is closely related
to the covariance matrix of input cell activities. We analyse the dynamics of the
learning rule in terms of the eigenvectors of this matrix. These eigenvectors repre-
sent independently evolving weight structures. Some general theorems are presented
regarding the properties of these eigenvectors and their eigenvalues. For a general
covariance matrix four prindipal parameter regimes are predicted.

We concentrate ou the Gaussian covariances at layer 13 — C of Linsker's network.
Analytic and numerical solutions for the eigenvectors at this layer are presented.
Three sigenvectors dominate the dynamics: a DC eigenvector, in which all synapses
have the same sign; a bi-lobed, oriented eigenvector; and a circularly symmetric,
centre-swrround eigenvector. Analysis of the circumstances in which each of these
vectors dominates yields an oxplanation of the emergence of centre-surround struc
tures and symumnetry-breaking bi-lobed structures. Criteria are developed estimating
the boundary of the parameter regime in which centre-surround structures emerge,
The application of our analysis to Linsker's higher layers, at which the covariance
functions were oscillatory, is briefly discussed.

1. Introduction

Linsker has studied by simulation the evolution of synaptic weight vectors in a feed-
forward linear network [3,4]. The network is shown in figure 1. Synaptic weight
modification occurred under a teacherless Hebbian rule that was linear up to saturat-
ing nonlinearities limiting the sizes of synaptic weights. Linsker found that in certain
parameter regimes, ‘centre-surround’ synaptic structures emerged at the third layer
of the network (figure 2). Concatenation of several successive layers of such centre-
surround cells and proper selection of parameters yielded a final regime of the Hebbian
rule in which cells developed oriented receptive fields, consisting of alternating bars
of positive and negative input synapses. These results are of interest for two reasons.
First, the systein studied was extremely simple: the neltwork was linear and the con-
nections developed under a simple teacherless learning rule. It seems surprising that
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structured receptive fields arose in such a simple network. Secondly, because centre-
surround and oriented receptive fields are found in the mammalian visual system, it
seemed possible that these results might illustrate aspects of the dynamics underlying
early neural development in the visual system.
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Figure 1. The first three layers of Linsker’s network. Each neuron receives synapses

only from neurons in the previous layer. There are no intralaminar or feedback con-
nections. The density of synapses received by a neuron has a Gaussian distribution,
so that most synapses are received from neurons in a circular area divectly below.
This distribution of synapses is fixed; the strengths of the synapses change according
to equation (3). Cells in layer A are uncorrelated in their activities, and connect via
excitatory synapses of fixed strength wwax to cells of layer B. The overlap between
the inputs to newrons in layer B produces Gaussian correlations among the activities
of those neurons. Cells of layer 8 in turn connect to layer C through synapses that
may be positive or negative and which develop according to equation {3) from a
random initial configuration.
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Figure 2. Linsker's results at layer C. Each circle represents the spatial pattern of
inputs from layer B Lo a cell in layer C that resulted from a given choice of k) /[ k2], for
ky large and negative. As the parameter k; was varied, synaptic structures rangng

from saturated structures through centre-surround structures to bi-lobed oriented
structures were reported.

The dynamical and biological bases for Linsker’s results have not been clearly
established. It has been pointed out that a Hebbian mechanism can perform certain
types of principal component analysis {4,14], but Linsker’s results do not represent
principal components of the input statistics, as we shall demonstrate. In this paper,
we present an analysis of the dynamical mechanisms responsible for Linsker’s results.
We then comment briefly on the relationship of these results to biology.

1.1. Derivation of Linsker’s equations

We begin by reviewing the derivation of the equation that Linsker simulated. Consider
a layer of cells, layer £, connected to a single cell in the next layer, layer M. Let zF
be the activity of cell i in layer £, and let w, be the strength of that input’s connection
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to the cell in layer M. Then the activity of the neuron in layer M is assumed to be
a linear combination of the inputs:

=M :Zwimf+al (1)
1€L
where a, is a constant.

A Hebbian rule for synaptic plasticity is one in which a synaptic strength is in-
creased when pre- and post-synaptic firing are correlated, and possibly decreased when
they are anticorrelated. The Hebb-type learning rule used by Linsker for modification
of the connection strength w, is:

d M
qvi= (2™ = ¢p)(zf - ey) -+ c3 (2)
where ¢, ¢y, and c3 are constants. The dependence of this rule on the activity of the
postsynaptic cell can be removed by substituting the value of 2™ given by equation (1).
This yields an equation for the evolution of the weights from layer £ to the postsynaptic
cell in terms of those weights and the activities of the cells in the presynaptic layer £:

_w = (Z“’ f+a1—c2)(xf—c1)+c3_

JEL

Assuming that w changes on a much longer timescale tha.n the random variations in
the inputs, we average over the ensemble of patterns zf in layer L. The mean rate

of change of w; is then given in terms of the mean actlvmes #£ and the covariance
matrix Qi ((:l:1 ;’:')(:17‘1 - J:f)) by:
d s
Fr i Z(Qs] + Z; fzh - e))w; + (ag — ) {E7 —¢1) + 5.
jeL

1t is characteristic of Hebbian rules that synaptic strengths tend to increase without
limit. To avoid this, Linsker added upper and lower bounds for all synaptic strengthst:
- max S w < wmax‘

The number of constants involved in this equation can be substantially reduced
by assuming that the first-order statistics of the patterns in layer £ are uniform, i.e.
zf = #°¥i. Then the equation for development of the synaptic weight vector becomes:

d .
i =k, + Z:(Q‘C + kyhw, subject to —w_ . < w, <w, . {3)
JEL
where

ky=(a; - 62)(53!: —c)t ey
(4)
ky = 2585 - ¢)).

Linsker based his simulations on equation (3). Our definitions of the parameters
differ slightly from Linsker’s, in that no implicit dependence on the number of synapses
1s introducedi.

t Linsker allowed more general hard limits, ng —1 < w, < ng, 0 < ng < 1, which he implemented
either directly or by allowing fractions ng and 1 — ng of the synapses to be excitatory and inhibitory
respectively. Linsker reported no dependence of results upon ng for the range that he studied,
0.35 < ng € 0.65. He concentrated on the case ng = 0.5, and we have worked with this simplest
case.

} Note that the transformation between equations {2) and (3) yields constants {k;, k; } that depend
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1.2. Qverview

The covariance matrix of activities of the inputs to the neuron, Q, depends on two
factors: the covariance function, which describes the dependence of the covariance of
two input cells’ activities on their separation in the input field; and the location of the
synapses, which is determined by a synaptic density functionf.

Depending on the covartance function, the synaptic density function, and the
choice of the two parameters &, and k,, different weight structures emerge. Linsker
used a Gaussian synaptic density function. Cells in his initial layer, layer A, were
taken to be uncorrelated in their activities (figure 1). Cells in that layer connect via
excitatory synapses of fixed strength w_,, to cells of layer B. The overlap between
the inputs to neurons in layer B causes the covariance in the activities of two layer B
neurons to be a Gaussian function of the separation between the neurons. Using these
Gaussian covariances, Linsker reported in his layer B — C connections the emergence
of non-trivial weight structures: as the parameters were varied, these ranged from sat-
urated structures through centre-surround structures to bi-lobed oriented structures
(figure 2). Given covariances that oscillate as a function of separation of the inputs
(his layer F — G), the development of cells with tri-lobed or multi-lobed oriented
receptive fields was also reported.

The analysis in this paper examines the properties of equation (3). We concen-
trate on the class of covariance functions that are non-negative and monotonically
decreasing, and in particular on the Gaussian covariances in Linsker’s layer 8 — €
connections. We give an explanation of the occurrence of the structures shown in
figure 2 and discuss criteria for the emergence of centre-surround weight structures.
Several of the results are more general, applying to any covariance matrix Q. Based on
these general tesults, we comment briefly on the emergence of multilobed oriented cells
at higher layers. We also briefly discuss the biological plausibility of the dynamical
mechanisms found to underly Linsker’s results. In appendix G the same methods are
applied to a model one-dimensional network analogous to Linsker’s two-dimensional
network. Some of these results have been presented in briefer form elsewhere [8,7].

2. Analysis in terms of eigenvectors
We write equation (3) as a first-order differential equation for the weight vector w:
w=(Q+kJ)w + kn subject to —w ., < w; < Wy, (5)

where J is the matrix J;; = 14, j, and n is the DC vector n; = 1Vi. This equation
is linear, up to the hard limits on w,. These hard limits define a hypercube in weight
space within which the dynamics are confined. We make the following assumption:

Assumption 1. The principal fealures of the dynamics are established before the hard
limits are reached. When the hypercube is reached, it captures and preserves the exist-
tng weight structure with little subsequent change.

on £ (equation (4)). So the generality of a set of constants does not carry over between the two
equations. For example, a choice of {c1,c2,c3} that is used for several layers of a network does not
necessarily map onto a set of constants {k1, ky } that is the same for all layers.

t The synaptic density function and covariance function can be treated explicitly, as discussed in
subsection 3.2 and appendix A.
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The matrix Q +k,J is symmetric, so il has a complete orthonormal set of eigenvec-
torst e(%) with real eigenvalues A,. Each eigenvector represents a weight configuration
that evolves independently {rom the others. We now review how the linear dynam-
ies within the hypercube can be fully characterized in terms of these eigenvectors and
eigenvalues. Equation (5) has a fixed point at w = w"" where (Q+k2J)wFP+k1n =9.
The fixed point can be expressed explicitly in terms of the eigenvectors:

{a},
£ etar (6)

A

Relative to the fixed point, the component of w in the direction of an eigenvector grows
or decays exponentially at a rate proportional to the corresponding eigenvalue. The
weight vector at time ¢ can be written in the eigenvector basis as w(t) = ¥ _w,({)el®).
where w (1) = w(t) - €' is the component of w(t) in the direction of the eigenvector
e(®) Then, within the hypercube, equation (5) yields

w,{t) = wEF = (w, (0) — wiF e,

Suppose the typical initial weight vectors are distributed without bias around the

w' =~k (Q+kd) = =k Y

origin. If the fixed point is near the origin then cach eigenvector with A, > 0 reinforces
itsell and grows cxponentially with rate A . This means that after a short time the
dynamics are typically dominated by the eigenvector with largest eigenvalue, which
outgrows all the others (figure 3(a)). But if one component of the fixed point wiT is
much larger than the typical size of the initial components, then the corresponding
component wy receives a substantial *head start’ in its growth rate, and may initiaily
cutgrow elgenvectors with larger eigenvalue (figure 3(4)). The component of w in
the direction of an eigenvector e(¢) with negative cigenvalue decays towards the fixed
point (figure 3{c)), and the final weight vector w is constrained to lie in the hyperplane
defined by w, = wfr.

Thus (whtie the weight vector is not in contact with the hard-hmits) the dynamics
are fully characterized by the eigenvalues and eigenvectors of Q + &,3. The principal
emergent features of the dynamics are determined by the following three factors:

1. The principal eigenvectors of Q + k,J, that is, the eigenvectors with largest eigen-
values. These are the fastest growing weight configurations.
2. FEigenvectors of Q + k,J with negative eigenvalue. These are associated with at-
tracting constraint surfaces.
3. The location of the fixed point of equation (5). This is important for two reasons:
e [t determines the focation of the constraint surfaces. The constraint surfaces
always contain the fixed point, so increasing the distance to the fixed point
increases the distance of the constraint surfaces from the origin.
o The fixed point gives a ‘head start’ to the growth rate of eigenvectors that have
a component in the direction of the fixed point.

3. Eigenvectors of Q

We first examine the eigenvectors and eigenvalues of the covariance matrix Q for
Linsker’s layer B — C connections. The principal eigenvector of @ dominates the
dynamics of equation (5) for k£, = 0, £, = 0. The subsequent eigenvectors of Q
become important as k; and &, are varied.

1 The indices a and b will be used to denote the eigenvector basis for w, while the indices i and 7 will
be used for the synaptic basis.
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Figure 3. Dynamics of w relative to the fixed point. (a) Relative to the fixed point,
the component of the weight vector in the direction of the eigenvector el¢) with largest
eigenvalue eventually grows fastest, if saturation limits are ignored. (4) T'ypical initial
weight vectors resuiting from the initial random distribution of synaptic strengths are
indicated by the grey cleud at origin. If the fixed point is displaced from the origin a
sufficient distance, relative to the size of a typical initial weight vector, an eigenvector
e(®) with smaller eigenvalue can initially grow faster than the principal eigenvector.
{c) The component in the direction of an eigenvector !¢) with negative eigenvalue
decays. Ignoring saturation limits, the weight vector is eventually constrained to lie
in the plane that is perpendicular to that eigenvector and that contains the fixed
point.

8.1. Eigenvectors of non-negative covariance matrices

In general, where there are only positive correlations in the inputs, Q is a non-negative
matrix, and the Perron-Frobenius theorem [15, p 1] holds:

Theorem 1. For o mairiz whose entries are all non-negative, the components of (he
principal eigenvector all have the same sign.

This means that where there are no anti-correlations in a cell’s input field, and
ky = 0,k = 0, all the cell’s synapses tend to reinforce each others’ growth, and the
final configuration is expected to be all-excitatory or all-inhibitory. This property
applies to Linsker’s layer B — € connections.

3.2. Continuum approzimation

To make analytic results possible we go to the continuum limit, that is, the limit of
an infinite number of synapses. Here the vector of synaptic strengths w is replaced
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by a weight function v(r), with an associated synaptic density function A(»). uv{r)
represents the average strength of a synapse from position , while A{r) represents
the number of synapses per unit area from the region about r. Details of the trans-
formation between the v and w representations are presented in appendix A.

The covariance between synapses from locations r and »' is described by the
covariance function C(r, 7). In the continuum limit, the matrix Q + k,J is replaced
by an integral operator. The continuum version of equation {3) is then:

d
Ev(r) =k, +/(C(r,r') + ko) A(r')e(r') d*’ subject to —w_ . < v(7r) < wy,,,
(7)

At Linsker’s layer B — (, the covariance function is a Gaussian C(r,r"} =
e‘(""")zﬂc, and the synaptic density function is another Gaussian A(r) = e=T /24
where C and A denote the characteristic sizes of the covariance function and synaptic
density (arbor) function respectively. Linsker used various values for the ratio C/A.
Our analytic results leave this ratio as a free parameter; in the figures we have used
CfA = 2/3, the value frequently used for layer B — C in [3].

We now investigate the eigenfunctions of the integral operator ahove for Linsker’s
layer B — C. We will continue to refer to this integral operator as the matrix Q + &,J;
we will use the terms eigenfunction and eigenvector interchangeably. Appendix A
briefly discusses the numerical calculation of eigenvectors.

is
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Figure 4. Separability of eigenfunctions in a circularly symmetric system. The
eigenfunctions of an operator invariant under rotation are separable into the product
of a radial function and one of the angular functions coslf, sinié, | = 0,1,2,...
This figure illustrates our notation for the eigenfunctions. The family of ‘s-modes’
1s,2s,3s, ... are circular]ly symmetric, the ‘p-modes’ 2p, 3p, .. . have one angular node,
the ‘d-modes’ have two angular nodes, etc. The eigenfunctions of Linsker's and
similar systems are found to be ordered in eigenvalue by the number of radial and
angular nodes as shown: a line between two eigenfunctions means that the upper
eigenfunction has larger eigenvalue.
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3.3. Properties of circularly symmetric systems

If Q has a translation invariance or other symmetry property, then the eigenfunctions
will have related symmetry properties. If in a two-dimensional system the covariance
function between two inputs depends only on their separation, and if the synaptic den-
sity function has circular symmetry, then in the continunm limit the operator Q + k,J
is unchanged under rotation of the system. So the eigenfunctions of Q + k,J can
be written as simultaneous eigenfunctions of the rotation operator, and are therefore
separable into the product of a radial function and one of the angular functions cos 6,

sinlf, I = 0,1,2,... To describe these eigenfunctions we borrow from quantum me-
chanics the notation n = 1,2,3,... and [ = s,p,d,... to denote the function’s total
number of nodes = 0,1,2,... and number of angular nodes = 0,1,2,. .. respectively.

For example, ‘2s” has one radial node and no angular nodes, and ‘2p’ has one angular
node and no radial nodes. This notation is illustrated in figure 4,

The eigenfunctions of Linsker’s monotonic non-negative covariance operator and
similar covariance operators are found to be ordered in eigenvalue by their numbers of
radial and angular nodes in the tree structure shown in figure 4. A line between two
eigenfunctions means that the upper eigenfunction has larger eigenvalue. Addition of
a radial or angular node to any eigenfunction results in lowering of the eigenvalue.
For example, A, > Ay > (Ase, Ag,) and Ay, > Ay, > (Agq, Agp), but no relationship
is asserted between A, and either A, or Az, We do not know how general this
ordering property is. In one-dimensional systems, counterexamples have been found
to the conjecture that all monotonic non-negative covariance operators have their
eigenvectors ordered in eigenvalue by their number of nodes.

Table 1. Analytic solutions for first six eigenfunctions of the operator Q(r,+").
1,2 i2

The integral operator Q(r,+') = e~ (777 /20— /24 where C and A denote the

characteristic sizes of the covariance function and synaptic density {arbor) function

respectively. The eigenvalues ) are normalized by N = 27 4, the effective number of

synapses.

Number of nodes
Name Expression Eigenvalue

Radiat Angular Total AN
1s 0 0 0 e 2R LCfA
2pz a 1 1 reosfet I2R L:C/A
2
2py 0 1 1 rsinfe”" /2R LIClA
2s 1 0 1 (lfr;?/Tg)e:rEﬂR L3C/A
3d, 0 2 2 ? cos28e” " 12R LCiA
3d, 0 2 2 2 sin2fe=" /2R L3C/A
Constant Value
R le(1+y/1+44/C)
R-C

L _ 0<L <l

- ( )
2 24

o 1+ 44/C




Amnalysis of Linsker’s simulations 265

3.4. Analytic calculations for ky, = 0

We have solved analytically for the first six eigenfunctions and eigenvalues of the
covariance matrix for layer B — C of Linsker’s network, in the continuum limit (table 1;
appendix Dj. The relative sizes of the eigenvalues and the shapes of the eigenfunctions
depend on a single free parameter, the ratio C/ A of the size of the Gaussian covariance
function to the size of the Gaussian synaptic density function. For all C/A4, 1s, the
function with no changes of sign, is the principal etgenfunction of Q, as predicted
by the Perron-Frobenius theorem; 2p, the bi-lobed oriented function, is the second
eigenfunction; and 2s, the centre-surround eigenfunction, is third (2s is degenerate
with 3d). Figure 5(a) shows the principal eigenfunctions for C/A = 2/3. Tang [16]
has independently derived these analytic results, and also developed approximations
for the eigenfunctions for non-zero k.

3.5. Summary for k;, =0, k, = 0

For ky = 0, ky = 0, the dynamics are dominated by the principal eigenfunction, 1s, in
which all synapses have the same sign. The centre-surround eigenfunction 2s is third
in line behind 2p, the bi-lobed function.

4. The effects of the parameters k; and k,

Varying k, changes the eigenvectors and eigenvalues of the matrix Q+4,J. Varying k,
moves the fixed point of the dynamics with respect to the origin. We now analyse these
two changes, and their effects on the dynamics. We will use the following definition.

Definttion. Let 73 be the unit vector in the direction of the DC vector n. We refer to
(w-7i) as the Dc component of w. The DC component is proportional to the sum of
the synaptic strengths in a weight vector. For example, 2p has zero DC component,
as do all the other eigenfunctions with angular antisymmetry. On the other hand, all
the s-modes typically have a non-zero DC component.

4-1. General theorem: the effect of k,

The analysis of the previous section primarily referred to Linsker’s layer 8 — C, in
which the covariance function is Gaussian. We now characterize the effect of adding
kol to any covariance matrix Q.

Theorem 2. For any covariance malriz Q, the spectrum of eigenveciors and eigen-
values of Q + ko) obeys the following.

1. Eigenvectors of Q wilh no pC component, and their eigenvalues, are unaffected by
k,.

2. The other eigenvectors, with non-zero DC component, vary with k,. Their eigen-

values increase continuously and monotonically with k, between asymptotic limits

such that the upper limil of one eigenvalue is the lower limit of the cigenvalue

above.

There is at most one negative eigenvalue.

4. All but one of the eigenvalues remain finate. In the imits k, — +oo the eigenvecior
with eigenvalue of largest magailude is the DC vector 13, and it has eigenvalue —
kyN, where N is the dimensionality of the matriz Q (i.e. the number of synapses).

Lo



Figure 5. Computed eigenvectors of Q+ kzJ for Linsker's B — C connections, for (a) k2 = 0 (i-e. eigenvectors of @) and (b) k2 = —3. In each row
the eigenvectors have the same eigenvalue, with the largest eigenvalue at the top. The greyscale bar is linear in synaptic strength, with synaptic
strength zero at the centre. Bach eigenvector has been individually normalized to use the full greyscale. Eigenvalues (m arbltrary un:ts) are:

{a) 2.22 for 1s; 1.0 for 2p; 0.45 for 2s and 3d; (b) 1.0 for 2p; 0.66 for 2s; —17.8 for 1s. Eigenvectors of the operator (e™ (r=r")?2C + kz)e_" 124
were computed for C/A = 2/3 on a circle of radius 12.5 grid intervals, with VA = 6.15 grid intervals.
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(2p)
(2s)

(3d)
(3s)

Figure 6. General spectrum of eigenvalues of Q + k;J as a function of ky. A: Eigen-
vectors with non-zero DC component (solid lines) vary with k2, and have eigenvalues
that increase monotonically with kp. B: Eigenvectors with zero DG component (thick
dotted lines) are independent of k2. C: Adjacent DC eigenvalues share a common
asymptote (thin dotted lines). D: There is only one negative eigenvalue. The leading
eigenvector at k2 = co and the negative eigenvector at k2 = —oco are both equal
to the DC vector, 7i. The annotations in parentheses identify the eigenvectors of
Linsker's system at layer 8 — C. From [6].

The properties stated in theorem 2, which are proved in appendix B, are summa-
rized pictorially by the spectral structure shown in figure 6. These simple properties
arise because J has only rank 1.

4.2. Implicatlions

For circularly symmetric systems such as Linsker’s, all the eigenfunctions with angular
nodes have zero DC component and are thus independent of k,. The eigenfunctions
that vary with k, are the s-modes. Specifically, at Linsker’s layer B — C, the leading
s-modes at k, = 0 are ls, 2s; as k, is decreased to —oo, these modes transform
continuously into 2s, 3s, respectively, as shown by the annotations in figure 6. So 2s
becomes the s-mode with largest eigenvalue. (The 2s eigenfunctions at k, = 0 and

k, = —oco both have one radial node, but they are not identical functions. Figure 6
shows that the 2s mode at k, = —oo must have larger eigenvalue than the 2s mode at
k,=10.)

As ky; — —oo, theorem 2 states that one eigenvector approaches the DC vector
1. Because the eigenvectors are orthogonal, the other eigenvectors must have DC
components that tend to zero. This means that the principal eigenvectors for k, —
—oo approach synaptic structures composed of equal sums of positive and negative
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synapses. These principal eigenvectors are therefore dramatically different in character
from the principal eigenvector for k, = 0.

As discussed in scction 2, an eigenvector e{®) with negative eigenvalue enforces a
constraint on the final synaptic structure, w+ et = wF¥ . In the limit of large negative
k, the constraint enforced by the eigenvector 73 determines the final average synaptic
strength: @ = w'F - n/N. Linsker showed [3] that all or all but one of the synapses
in a stable final configuration have synaptic strength fw,, ., , so this constraint on the
average synaptic strength effectively fixes the final percentages of positive synapses
and of negative synapses.

{.3. What constitutes large k, %

We say that k, is large and negative when the eigenfunctions of Q + £,J are well
described by the &, — —oc limit. This is the case if the largest eigenvalue of —k,J,
—ky N, is much larger than any eigenvalue of Q (appendix C). Using the eigenvalue of
Is in table 1, this yields the requirement |k,| 3> (C/A) + (C?/2A%)(1 — /1 4+ 44/C).

In [3], Linsker used values of C/A for layer B — C ranging between % and %, for
which the above requirement ranges from k, « —0.22 to k, < —0.44. Linsker used
k, = =3 throughout that reference, so all his simulations used large negative k..

4.4. Numerical computalions for Linsker’s sysiem

The computed eigenvectors at layer B — € are shown in figure 5(b) for k, = —3.
Properties of these eigenvectors can also be estimated {rom the analytic solutions for
k, = 0 via perturbation theory as shown in appendix C. As predicted, there is now a
single cigenvector with large negative eigenvalue, 1s. The principal eigenvector is 2p.
The centre-surround eigenvector, 2s, is not the principal eigenvector of Q + k,J for
this system either at ky = 0 or at large negative k,t. For large negative k., 2s is the
principal symmetric eigenvector, but it still has smaller cigenvalue than 2p. So the
regime k, — —oo, k; = 0 will be dominated by oriented bi-lobed weight structures,
and the circular syminetry is broken.

{.5. Effect of k,

Varying k; changes the location of the fixed point of equation (5). As stated in
equation {6), the component of the fixed point in the direction of an eigenvector e(4)
is proportional to kle(“) -1, So the fixed point is displaced from the origin only in
the direction of eigenvectors that have a non-zero DC component, that is, only in the
direction of the s-modes. This has two important effects, as discussed in section 2.

L. The s-modes are given a head start in growth rate when k; is increased. In
particular, the principal s-mode, the centre-surround vector, may grow faster than
the principal eigenvector 2p.

2. The constraint surface must pass through the fixed point, so its location is moved
when k; is changed. For large negative k,, the sum of synaptic strengths in the
final weight vector is fixed on the constraint surface. To leading order in 1/k,,
Linsker showed that the constraint is:

ij =k /|k,).

t Tang [16] showed that there is an intermediate regime of small negative k3 in which the principal
eigenfunction has centre-surround structure. But this is not the regime in which Linsker's centre-
surround cells emerged.
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To next order, this expression becomes ij =k, /lky + q|, where g = <QU)' the
average covariance (averaged over ¢ and j; appendix C)t.

4.6. Summary of the effects of k, and k, in Linsker’s system

We can now anticipate the explanation for the emergence of centre-surround cells: for
ky =0, k; = 0, the dynamics are dominated by 1s. The centre-surround eigenfunction
2s is third in line behind 2p, the bi-lobed function. Making &, large and negative
removes 1s from the lead. As k, — oo, s takes on large negative eigenvalue and
tends to the DC vector n, so it enforces a constraint on the final number of positive
and negative synapses. 2p becomes the principal eigenfunction and dominates the
dynamics for k; = 0. Finally, increasing k,/|k,| gives a head start to the principal
s-mode, the centre-surround function 2s.

Increasing k, /|k,| also increases the final average synaptic strength, so large k, /||
not only gives 2s a large head start, it also produces a large DC bias. Centre-surround
structures emerge when k, /|k,| is large enough that 2s dominates over 2p, and smali
enough that the DC bias does not obscure the centre-surround structure. Therefore
an on-centre centre-surround regime lies sandwiched between a 2p-dominated regime
and an all-excitatory regime, and an off-centre centre-surround regime lies between
the 2p-dominated regime and an all-inhibitory regime (see figure 10}. In section 6
we will estimate the boundaries of these parameter regime 1n which centre-surround
structures emerge.

5. Analysis in terms of constrained dynamics

A complementary conceptual framework for understanding the emergence of centre-
surround structures can be obtained by considering the dynamics on the constraint
surface.

For large negative k,, the constraint surface is the hyperplane Y w; = k,/|k,]. On
the constraint surface, we can divide the weight vector into w(t} = w, (1) + wpc,
where wpe = (b /k,N)n is the constant DG part of w and w,(t) is a time-varying
AC vector, that is, a vector with zero DC component. In appendix F we show that the
dynamics on the constraint surface in the limit of large negative k, are described by

. k
wAC = PQPwAC + WPQH (8)

where P is the orthogonal projection operator onto the surface ij = 0. P subtracts’
out the DC part of a vector, leaving the AC partl. Apart from the DC eigenvector, the
eigenvectors and eigenvalues of the matrix PQP are identical to those of the matrix
Q + k,J in the limit &k, — —co.

t The additional term largely resolves the discrepancy between Linsker's g and & /ky in [3]. In
the contimmum limit, § = 1/(1 4+ 24/C), using the notation of table 1. In the example on p 7511
of [3), AJC = 1.5, k1 = 0.45, k2 = —3. Hence k1/lk2| = 0.15 and k1 /|kz + §| = 0.164, while the
observed value of g was 0.166 £ 0.002. In the example on p 8391, A/C = 2.5, k; = 0.35, kp = -3,
k1 /|kz| = 0.117, k1 /|k2 + g| = 0.124, and the cbserved value of g was 0.126 + 0.001.

t It should be noted that this projection operator maintains the constraint subtrectively. Very different
dynamics would result if the constraint were enforced multiplicatively. This subject will be developed
in a future publication.
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The two terms in equation (8) represent the growth of two sorts of AC pattern.
The first term represents the contribution of the time-varying, AC part of w to .
In terms of the eigenvectors of Q + k,J, the component in the direction of 2p grows
faster than that of 2s under this term due to its larger eigenvalue. The second term,
PQn, represents the contribution of the time-invariant 3C part of w to w. This term
corresponds to the head start in growth rate. Because n is circularly symmetric, PQn
ts circularly symmetric. Therefore, it is a superposition of s-modes, dominated by the
centre-surround mode 2s. This centre-surround structure is continually ‘spewed out’
at a rate proportional to the DC bias &,/ik,|N. The first term amplifies this centre-
surround structure, and also other AC structures present in the imtial fluctuations.
In order for a symmetric centre-surround structure to emerge, the static second term
in equation (8) must compensate for the advantage in eigenvalue of asymmetric over
symmetric structures in the first term.

This alternative representation of the dynamics is useful for speeding up numerical
simulations of equation (3) for large negative k,. The matrix Q+k,J has one very large
negative eigenvalue ~ k, N, so very small steps have to made in iterations of equation
(3} to avoid unstable oscillations. In equation {(3), on the other hand, the matrix PQP
has no extreme or negative cigenvalues, since the DC constraint is enforced separately.

6. Criteria for the emergence of centre-surround cells

We now wish to estimate the boundaries of the parameter regime in which the head
start is sufficient for centre-surround cells to emerge. We use two approaches to
determine the DC bias at which 2s and 2p are equally favoured. This gives an estimate
for the boundary between the regimes dominated by 2s and 2p. If 2s dominates for DC
bias sufficiently small that the surround has a siguificant size, then centre-surround
structures will emerge in the corresponding parameter regime.

1. FErergy criterion. We first estimate the level of DC bias at which the weight vector
composed of (2s plus DC bias) and the weight vector composed of (2p plus bC
bias) are energetically equally favoured. This gives an estimate of the level of DC
bias above which 2s will dominate under simulated annealing, which explores the
entire space of possible weight configurations.

2. Time development crilerion. Second, we estimate the level of DC bias above which
2s will dominate over 2p under simulations of time development of equation (3).
We estimate the relationship between the parameters such that, starting from a
typical random distribution of initial weights, the 2s mode reaches the saturating
hypercube at the same time as the 2p mode.

These two criteria are illustrated schematically in figure 7.

We shall consider two eigenvectors, e!!) and e'*), with eigenvalues A, > A,. el
corresponds to 2p, and e'? corresponds to 2s. Let the fixed point have component
wgp in the direction of el?). ell) is an AC vector, so w};P = (. Both criteria for el?!
to dominate over e'!) will depend on an estimate of the effect of the weight limits
—w_ . < w; € wy,,. (Without this hypercube of saturation constraints, et!) will
always dominate the dynamics of equation (3) after a sufficiently long time.) For the
growth of a typical eigenvector, the hypercube represents a complex constraint, as it is
possible for further growth in the direction of the vector to take place after the largest
components of w reach saturation. This makes it difficult to assess the exact effect
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Figure 7. Schematic diagram illustrating the criteria for e{?) to dominate. The
polygon of size h(g) represents the hypercube. Energy criterion: the points marked
E; and E3 show the locations at which the energy estimates are made. Time devel-
opment criterion: the grey cloud surrounding the origin represents the distribution
of initial weight vectors. If wj(0) is sufficiently small compared with wgp, and if
the hypercube is sufficiently close, then the weight vector hits the hypercube in the
direction of {2} before w; has grown appreciably.

of the hypercube on the dynamics. To estimate this effect, we make the following
assumptions additional to assumption 1:

Assumption 2. In the abscence of constraints, we estimate that the hypercube has

been ‘reached’ by a typical veclor w when w,,, = w,, ..

This means that the hypercube is ‘reached’ when the component of w in the
direction of a typical normalized vector is h = \/Nwmax.

We introduce g = k;/(|ky|Nw,,,,) as a measure of the average synaptic strength
induced by the DC constraint »_ w; = k,/|k,|, as a fraction of w_, . Thus g = 1
corresponds to all synapses saturated at 4+w_, ., and ¢ = 0 corresponds to equal
numbers of positive and negative synapsest. Now as the DC level g is increased, the
amount of growth possible before the hypercube is reached decreases. We estimate
the amount of growth possible in the direction of a typical AC vector as a function of
the DC bias g. When ¢ = 1, all synapses are saturated, and no growth in any direction
is possible. We interpolate linearly between h = VNw at g = 0 (assumption 2)
and h =0 at ¢ = 1, assuming:

max

Assumption 3. When the DC level is constrained to be g, the component h(g) in the
direction of a typical unil ac wvector at which the hypercube constraint s ‘reached’ s

h(g) = ﬁwmﬂx(l - _(])

Assumptions 1-3 may not adequately characterize the effects of the hypercube on
the dynamics, so the numerical estimates of the precise locations of the boundaries
between the regions may be in error. However, the qualitative picture of the division
of parameter regimes that they present is informative.

t This is equal to twice Linsker’s g, since he did not include normalization by wmax, and he used
Wmax = 0.5.
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6.1. Energy criterion

Linsker [3,4] suggested analysis of equation (3} in terms of the energy function on
which the dynamics perform constramed gradient descent:

E = —%wT(Q + by w - kjwon.

Neglecting the initial conditions, we can examine the result of minimizing this energy
subject to the hard limit constraints on w,. Expressing the weight vector in terms of
the eigenvectors of Q + k,J, the energy of a configuration w = 3 w,e® is:

E = —%Z)\ﬂwg— \/J\_f'klzwana

where n, is the DC component of eigenvector e!®), Without loss of generality we
assume that n, > 0.

We consider two configurations, one with w; equal to its maximum value h(yg)
and w, = 0, and one with w, = A(y) and w; = 0. The DC component w4 is
the same in both cases. All the other components are assumed to be small and to
contribute no bias in energy between the two configurations. The energies £, and E,
of these configurations will be our estimates of the energies of saturated configurations
obtained by saturating et') and e(®) respectively, subject to the constraint on w - 7.
We will compare these two energies and find the DC level ¢ = g% at which E, and E,
are equal. This g will be a coarse estimate of the boundary between the regimes in
which simulated annealing gives centre-surround and symmetry-breaking structures.

Neglecting additive constants

E = _%’\1"1(9)2
and

Ey = —i0,h(g)? — VNER(g)n,.

It is the last term —\/Nklh(g)n.l that gives an energy advantage to el?) as g is
increased.

To find an estimate of the critical valuc of g for simulated annealing weset £, = E,.
Substituting A(g) = VN (1 — @)W, and k = glk,|Nw,, and rearranging, we obtain
as our estimate for the boundary hetween the e{!)-dominated regime and the e(*)-
dominated regimet:

- 1
B L4 Zngik,|/[(A; — A }/N]

g

We can take the analytic results for &, = 0 (subsection 3.4) and use perturbation
theory as outlined in appendix C to estimate the parameters n,k,, A,/N and A /N
for large k,. Using these estimates, we plot a graph of gF against the one remaining
degree of freedom, the ratio /A4 of the spatial sizes of the covariance function and
the synaptic density function (figure 8). This is the value of g at which we estimate
that 2s and 2p are energetically equally favoured. It must be emphasized that this
estimate depends on a substantial number of assumptions and approximations, so it
is not at all exact. For Linsker’s choice of C/A = 2/3, ¢® is 0.16.

t A/N is written as a single entity because A o« N. Also nzks tends to a constant as kp — oo
{appendix C).
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Figure 8. FEnergy criterion: g= versus C/A. Above the line g®(C/A), centre-
surround structures are estimated to be energetically favoured; below the line, bi-
lobed structures are favoured. The perturbation theory used to estimate g& becomes
invalid for C/A <~ 0.2. Linsker used C/4 = 2/3 or 2/5 for layer B — C.

6.2, Time development criterion

The energy criterion does not take into account the initial conditions from which
equation (3) starts. We now derive a second criterion that attempts to do this.

If the initial random component in the direction of 2p, wgp(O), is sufficiently small
compared to the head start that 2s has, wg‘f, then wy, may never start growmg
appreciably before the growth of w,, saturates (figure 8). The initial component w,,(0)
is a random quantity whose typical magnitude can be estimated statistically from the
weight initialization parameters. The head start for w,,, wh., can be evaluated in
terms of the parameters A, and the DC component of 2s. These two quantities, w, (0)
and wgsp, scale differently with the number of synapses N. wQP(D) 1s a zero-mean
quantity related to N random variables; wi! is related to N non-random variables.
As suggested by the law of large numbers, the typical magnitude of w, (0) scales
as 1/V/N relative to whl. Hence the initial relative magnitude of w,, can be made
arbitrarily small by increasing &V, and the emergence of centre-surronnd structures may
be achieved at any g by using an N sufficiently large to suppress the initial symmetry
breaking fluctuations. We estimate the boundary between the regimes dominated by
2s and 2p by finding the relationship between N and g such that w,(¢) and w,(t) hit
the hypercube at the same time.

Before saturation occurs, the components w,(t) in the eigenvector basis can be
written in terms of the initial components w,(0):

wy (1) = "“)1(0)"3/\lt
wo(1) = wy(0)e* — (X! — 1)whP

We estimate statistically the typical starting component w, {0) once w has been pro-
jected into the constraint surface of fixed average w,; when the initial weights are
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Figure 9. Boundaries estimated by the two criteria for C/A = 2/3. To the left of
the line labelled gF, the energy criterion predicts that 2p is favoured; to the right,
2s is favoured. Above and below the line N*(g), the time development criterion
estimates that 2s and 2p respectively will dominate equation (3). The regions A,
B, C, D denote the four regions of parameter space separated by these two criteria.
The regions X, Y, mark the regimes studied by Linsker. X: N = 300 — 600, g =
0.3 — 0.6: the region in which Linsker reported robust centre-surround structures;
Y: N = 300 — 600, g <~ 0.2: asymmetric centre-surround structures and (near
g = 0) bi-lobed structures. The estimates of gF and N*(g) are both obtained from
the analytic results using perturbation theory (appendices C, D) (from [8]).

randomly generated between —w,,, and w,, .., we obtain
W1 (0) e = U(g)wmax“/c_l (9)

where o(g) is a dimensionless standard deviation derived in appendix F and d is the
degeneracy of el!), We evaluate the size of the component w, at the time ¢, at which
w, reaches the hypercube. Without loss of generality we assume wiP < 0 so that w,
increases with time{. Then by assumption 3, w,(t,) = h{y) = \FNme(l —g), so

t =i]ﬂ 1+_—“_\/N'wmax(l—g) )
Y w3

Now letting w,(t,) = h(g) we obtain an implicit equation for N*, the number of
synapses above which w, dominates, in terms of g:

wl(O)EAth =V ]\M’wmax(1 - g)
Substituting |[wEF| = nyvNkj/A, = noVNglks|w,o/(A/N), and w,(0) =
o(g9)w,, . /d, we obtain the following expression for N*:
S o)V (1+ l—g AQ/N)*""E
(1-g9) g [noky|

To make a detailed estimate of N*, we would need to consider other sources of
symmetry-breaking fluctuations such as asymmetries in the synaptic locations.

(10)

t We set wz(0) = 0, neglecting its fluctuations, which for large gV'N (i.e. gV N > (o(g)x2/N)/|n2ka|)
are negligible compared with w;‘P.
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6.3. Discussion of the two criteria

For Linsker’s system, figure 9 shows N as a function of ¢, the boundary estimated
by the time development criterion, and ¢, the boundary estimated by the energy
criterion. Figure 9 also shows the regions in the parameter space at which Linsker
made the simulations he reported. The two criteria give different boundaries. In
regime A, 2p is estimated to both be energetically favoured, and to emerge under
equation (3). Similarly, in regime C, 2s Is estimated to be energetically favoured, and
to dominate equation (3). In regime D the initial fluctuations are so big that although
2s is energetically favoured, symmetry breaking structures can dominate equation (3}.
(Note that large fluctuations always help the growth of 2p but hinder the growth of
25 half of the time: half of the time the initial component of 2s will be towards the
fixed point, so that the 2s component must first shrink to zero before it can grow in
the favoured direction.) Lastly, in regime B, although 2p is energetically favoured, 2s
will reach saturation first because N is suffictently large that the symmetry breaking
fluctuations are suppressed. Whether this saturated 2s structure will be stable, or
whether it might gradually destabilize into a 2p-like structure, is not predicted by our
analysis{.

The possible difference hetween simulated annealing and the evolution of equation
(3) makes it clear that if initial conditions are important {regimes B and D), the use
of simulated annealing on the energy function as a quick way of finding the outcome
of equation (3) may give erroneous resultsi.

7. Parameter regimes for general Q and for Linsker’s system

For a general @ in equation {3), we predict up to four main parameter regimes for
varying k, and k,§. These regimes, shown in figure 10{a), are dominated by the
following weight structures:

Regime | ky, =0,k =0 The principal eigenvector of Q.

Regime 2 k, = large positive The flat DC weight vector.
and/for k, = large

Regime 3 k, = large negative, The principal eigenvector of Q + k,J for
by~ ky — —o0.

Regime 4 k, = large negative, Thé principal eigenvector with non-zero DC
k, = intermediate component of Q + k,J for &y — —o0. This

vector is given a head start in growth rate.
This regime may not exist if the head start
1s too small.

+ In the one-dimensional model system of appendix G we have found that such energetically
unfavourable saturated weight vectors may be stable or unstable, depending sensitively on the
parameters.

t As noted by Linsker, simulated annealing may of course be a more appropriate strategy if equation
{3) is viewed as being subjected to randem noise.

§ Not counting the symmetric regimes (&1, k2} ++ {~k1,%k2) in which all the weight structures are
inverted in sign.
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Figure 10. Four principal parameter regimes. (a) The four regimes for a general
covariance matrix Q. (b) The regimes for Linsker’s layer B — C connections. See text
for explanation of the regimes. When k; is large and negative, the DC constraint is
approximately constant along the radial lines of constant k; /(k2 + ), so each of the
parameter regimes with large negative k; is wedge shaped. From [6].

For non-negative Q, i.e. no anti-correlations in the inputs, the principal component
of Q has no zero-crossings and hence regime 1 produces saturated structures similar or
identical to the DC weight structure. This leaves regimes 3 and 4 as the only parameter
regimes in which alternative weight structures might arise.

For Linsker’s i — C connections (figure 10(b)), the principal eigenvector of Q +
k,J as k, — —oo is the symmetry-breaking oriented function, 2p. This eigenvector
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dominates regime 3. 2s, the centre-surround strueture, dominates in regime 4. In
principle there could be systems with non-negative Q in which 2s is the principal
eigenvector at k, = —oo: then in both regimes 3 and 4, 2s would dominate. This
never occurs for any choice of parameters in Linsker’s network, at least not in the
range of parameters where our perturbation theory is valid {appendix 13.3).

8. Further applications of the analysis

&.1. Higher layers in Linsker’s network

The analysis in terms of the eigenvectors of Q + k,J3 should apply to the higher layers.
Four principal regimes are expected as described in section 7, with the proviso that
it 1s possible that there may be sorrne near degeneracy of eigenvectors, so that some
regimes may be dominated by a combination of several eigenvectors. We have not
studied these higher layers in detail; we offer the following brief cormments.

The covariance function for the higher layers is no longer non-negative, but instead
oscillates with distance. The leading eigenvectors are expected to have the same
characteristic spatial frequency as the covariance function. If the spatial period is
comparable to the diameter of the synaptlic density function, as in Linsker’s layers
¢ — D through £ — F, the leading ecigenvectors of Q + &,J for &, € (0, —oc0} are 2p
and Zs. Either 2p or 2s dominates in regimes 1 and 3, depending on the parameters;
the 2s eigenvector dominates the dynamics in regime 4 by the same mechanism as in
layer B — C. Regime 4 was the one studied by Linsker in these layers.

At layer F — @G, Linsker used larger input arbors, so that several oscillations of the
covariance function were contained in one cell’s arbor. This means that the leading
eigenvectors are expected also to have several oscillations. Linsker then reported
a ‘bubble’ in the (g, A;/Ax) parameter space in which tri- or multi-lobed oriented
cells aroset. The formation of these cells may be partially understood in terms of
the mixing of the prineipal eigenvectors of Q + &,J. In computations using several
covariance functions similar to that used by Linsker, we have found that the three
principal eigenvectors are, in order, an s, p, and d vector. The leading s-mode has
negligible DG component at &, = 0 for the range of arbor widths used at layer F — G,
so that the principal eigenvectors and eigenvalues are virtually unaltered as k., varies
from 0 to —o0o. The nunber of radial nodes in these vectors increases as the arbors
broaden, that is, as the parameter A, /Ay increases. The principal eigenvectors range
from 2s, 3p, 3d for the narrowest arbors used by Linsker at layer F — G, to ds, 4p, 5d
for the broadest arbors. As the arbor diameter increases, the eigenvalues of the three
vectors become more nearly degenerate.

The mixed vector [Ns + (N-+1)d] gives tri- or multi-lobed oriented arrangements
of synapses. However, this does not explain why oriented, grating-like structures
should occur. Other combinations of the principal eigenvectors that lack grating-like
regularity would be equally likely to emerge on the basis of linear dynamics. Such other
combinations appear to account for the various structures Linsker found as he varied
g for each value of A;/Ar. Variation of y should not significantly alter the linear
dynamics, because the leading modes have negligible DC component. Since the multi-
lobed outcome occurs only for a narrow range of g, this suggests that the multi-lobed

t Linsker termed cells with a central excitatory stripe and two inhibitory flanking stripes ‘bi-lobed
cells’: we call them ‘tri-lobed’ and reserve ‘bi-lobed’ for 2p-like functions.
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outcome is determined in the nonlinear regime. Indeed, within the parameter-space
‘hubble’ in which Linsker obtained oriented cells, the only published example of time
development [5] shows that a 3s structure develops initially. Only in the nonlinear
regime, when many synapses were saturated, does this 3s structure convert to a tri-
lobed, oriented structure. ‘Thus, what appears to be robust in the linear dynamics is
that a receptive field should emerge with the same characteristic spatial frequency of
oscillation between positive and negative inputs as is seen in the leading eigenvectors.
This frequency is determined by the frequency of oscillation of the covariance function
within an arbor, i.e. by Ag/Ax. The precise form of the receptive field depends on the
choice of the parameter g, and appears to depend upon the nonlinearities that limit
synaptic growth,

§.2. A one-dimenstonal model system

In appendices G and H, analytic solutions are presented for a model one-dimensional
network analogous to Linsker’s two-dimnensional network. This model system shares all
the properties of Linsker’s layers A through C, except that a centre-surround structure
is never the global minimum of the energy function. Rather, asymmelric structures
(the analogue of 2p-dominated structures) are always the energy-minimizing configu-
rations, that is ¢® = 1. This exact result cnables us to examine the performance of
the estimate of g& given by the energy criterion (subsection 6.1). In this extreme case
of high gF, the estimate is low by nearly a factor of two.

In simulations of time development under equation (3), centre-surround structures
initially dominate the dynamics for large ¥, when symmetry-breaking fluctuations
are suppressed. However the energetically unfavourable saturated centre-surrcund
structures that result may be unstable under equation (3), transforming synapse by
synapse into an asymmetric structure, or they may be stable. This depends very
sensitively on the parameter values.

9. Discussion

We have analysed Linsker’s equation (3) by examining the eigenvectors of the matrix
that drives the dynamics. Our analysis depends on assumption 1 that the princi-
pal features of the dynamics are determined before the saturating limits on synaptic
strength become important. Justification for this assumption at layer 5 — C 1s pro-
vided by Linsker’s account of the simulated development of centre-surround cells, in
which centre-surround structures emerge before any saturation occurs [3, p 7512]. In
certain parameter regimes (regions B and D of figure 9), the initial conditions may
give preference to energetically unfavoured weight configurations. In these regimes,
assumption 1 may be violated, because the nonlinear dynamics do not always preserve
saturated structures that are energetically unfavourable. This is demonstrated in the
the model system of appendix G. The development of Linsker’s oriented cells at layer
F — @G also may violate assumption 1. This development appears to depend on the
details of the non-linear dynamics when synapses are saturated, as discussed in sub-
section 8.1. Nonetheless, analysis of the dynamics in the linear regime gives insight
into the results at layer F — G, by identifying the principal weight structures that
appear to contribute to the final outcome.

For the layer B — C connections, where covariances are purely positive, all
synapses reinforce one another if £, = k, = 0, leading to a synaptic structure in
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which all synapses have the same sign. Ilowever, for large negative k,, the param-
eters k, and k, enforce a constraint fixing the average synaptic strength, so that
growth of some synapses requires others to become negative. Then three different
weight structures dominate the dynamics. The fastest-growing weight structure 1s a
bi-lobed oriented eigenvector that breaks the circular symmetry of the covariance and
synaptic density functions. This structure dominates the dynamics for small & /|k,|.
A centre-surround structure is the fastest-growing circularly symmetric eigenvector.
This structure dominates the dynamics for intermediate values of k,/|k,| due to its
‘head start’ in growth rate. The flat DC eigenvector has large negative eigenvalue,
enforcing the constraint on the average synaptic strength.

We conjecture that the qualitative properties of these leading eigenvectors at layer
B -+ ¢ are robust, and would be unchanged if the Gaussian covariance and synap-
tic density function were replaced by any other monotonic non-negative covariance
and synaptic density functions. Linsker suggested that the emergence of centre-
surround structurcs may depend on the peaked synaptic density function that he
used [3, p 7512]. However, with a flat *pill-box’ density function, we have calculated
that the eigenfunctions are qualitatively unchanged. Therefore we conjecture that
centre-surround structures should emerge by the same ‘head start’ mechanism with a
pill-box density function, but in a narrower parameter regime.

Weight structures that include both positive and negative synapses can be obtained
even in the abscnce of the constraints enforced by k, and k, if covariances oscillate
in sign significantly within the arbor, as in Linsker’s higher layers. The positive and
negative regions of the receptive field then oscillate with a spatial {requency roughly
determined by the frequency of escillation of the covariance function.

We have shown that simulated annealing, used by Linsker to speed up simulations
of equation {3) in higher layers, may give different parameter regime boundaries {rom
simnulations of the time development of equation (3). If the initial symmetry breaking
fluctuations are sufficiently small, the centre-surround function may dominate the
dynamics for arbitrarily small non-zero k;. The details of this difference will depend
on whether or not energetically unfavourable saturated weight structures are stabilized
by the saturation constraints.

It should be noted that because of the terms &, and k,, the outcome of equation (3)
under either time development or simulated annealing is different from the ocutcomes
of both principal components analysis (PCA) and information maximization. When
applied to a single output cell, both PCA and information maximization maximize
the quadratic form wT Qw subject to the constraint 3 w? = constant. Equation (3)
also maximizes wT Qw, but does so subject to the very different constraints 3" w, =

constant and |w;| < w,,,-

9.1. Biological discussion

The development of centre-surround synaptic structures in Linsker’s system depends
on two features that are biologically problematic: the use of synaptic strengths that
may take either positive or negative values; and the constraints, enforced by the terms
k, and ko, that fix the final percentage of positive and of negative synapses onto
each postsynaptic cell. In the absence of either of these features, only all-excitatory
or all-inhibitory synaptic structures would develop. We discuss these features briefly
here. A thorough discussion of correlation-driven learning rules as models of biological
systemns can be found in [10].
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In biclogy, all the synapses from a single neuron are either exclusively positive
or exclusively negative. Synaptic strengths that may take either positive or negative
values can be used to describe the summed strength of two separate populations, one
of exclusively positive synapses and one of exclusively negative synapses [3]. However,
for such a sum to be described by a simple equation like equation (3), the following
conditions must hold [11]: the rules of cortical activation and of Hebbian plasticity
must be linear; the two populations must be statistically indistinguishable in their
connectivities and patterns of activity, so that a single covariance function describes
both the covariance within each population and the covariance between the popu-
lations; and the positive and negative synapses must obey identical Hebbian learn-
ing rules. However, many feedforward projections, such as the retinogeniculate and
geniculocortical projections in the mammalian visual system, are exclusively excita-
tory. Furthermore, where excitatory and inhibitory projections do coexist, they are
not likely to be equivalent (discussed in [11]}: excitatory and inhibitory populations
often have distinct patterns of connectivity and of activation; and there is currently
no evidence that inhibitory synapses are modified by Hebbian rules.

One can derive a linear Hebb rule like Linsker’s without the use of negative
synapses by studying the difference between the innervation strengths of two equiva-
lent excitatory projections [11]. Biological examples include ON-centre and OFF-centre
inputs [9] and left-eye and right-eye inputs [12] in the mammalian visual system. in
this case, however, the constants k; and k, disappear from the equation for the devel-
opment of the difference of synaptic strengths because these constants take on equal
values for each of the two equivalent populations. Therefore, such a biologically moti-
vated linear Hebb model has k; = &, = 0, and lacks the constraints on which many of
Linsker’s results depend. Such a model can nonetheless develop orientation-selective
receptive field structures if oscillations exist in the covariance functions of the input
layer and if lateral interactions are introduced in the output layer [3]. In this case,
orientation-selective receptive fields develop in the early, linear regime of developinent.
Linsker’s constraints, applied to a model with ON- and OFF-centre inputs, would fix
the final percentages of ON and of OFF inputs in the receptive field. This in turn may
determine the spatial phase of the resulting receptive field: for example, if a major-
ity of synapses are ON, the central lobe of a tri-lobed cell must be composed of ON
synapses. In the absence of these constraints, receptive fields may vary their spatial
phase. This leads to very different predictions for the organization of orientation se-
lectivity across the cortex from those made by Linsker in [3] (see [9]). This will be
discussed in more detail in a future publication.

Appendix A. How to treat the synaptic density and covariance functions
explicitly

For the purposes of simulating equation (3) or computing the eigenvectors of the matrix
Q + k,J, it can be convenient to use an alternative representation of the synaptic
strengths. Instead of having a label for every individual synapse w; (so that the
synaptic density function 1s implicit), a set of equally spaced representative synapses
v; 1s used, with positions ;. The number of synapses represented by v; Is given by
the local synaptic density A; = A(r;), where A(r) is the synaptic density function. v,
represents the average value of these synapses. Then the activity of the postsynaptic

cell, for example, 1s ZJ- v;A;z;, where z; are the representative pre-synaptic activities.
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o  When equation (3) is transformed to the v representation we obtain

v = (C+kJ" Av + kn subject to —w . < v; < wp,.

Here A = diag{4,}, and J¥ is the appropriate size matrix of all I's. C is the
matrix constructed from the covariance function: ), = C(r;, 7).

In this representation the coustraint )~ w; = k,/|k,| becomes 3 v; A; = ky/[k,].
For each eigenvector e¥ in the v representation, there is an equivalent eigenvector
e in the w representation with approximately identical eigenvalue. As long as
the function C(r;, ;) varies slowly on the scale of the spacing between the repre-
sentative synapses, the additional eigenvectors of Q 4 k,J} will have approximately
zero eigenvaluef. Thus, the principal eigenvectors of Q + k,J can be found by
computing the eigenvectors of (C + k,J7)A.

o Eigenvectors of (C+ k;,J¥)A can be found using the transformation ¢; = A;"zvj
which symmetrizes the matrix. In the continuum limit, we can represent the
matrix (C + k,J")A by the integral operator with kernel (C(»,7') + k,)A(r").

o Let n be the DC vector in the w representation. Then the DC component of ¢
is given in terms of e¥ by:

w eV A
D e n EJEJAJ

e mn= = .
in“etnl (E; Aj)ljz(zj 6;-’2Aj)1/2

(1)

Appendix B. Proof of theorem 2
To prove theorem 2 we will construct the eigenvalue spectrum of (Q+k,J) for a general
covariance matrix Q.

Lemma 1. Atk, =0 all the eigenvalues are posilive, for any covariance mairiz Q.

Proof. The quadratic form wT Quw is always positive for Q a covariance:
wIQw = w' ((z — &)z — 2w = {{(w" (= - £))?).
Therefore the eigenvalues of Q must all be positive. g

Lemma 2. If Q has an eigenvector €*C that has no pc component then €AC is an

eigenvector of (Q + kyJ) for all k,, and ils eigenvalue is independent of k.

t If for all r; and 7y, all covariances between synapses represented at r; and 7, were exactly equal
ta C(r; — rx ), then the eigenvalue of an eigenvector in the v representation would exactly equal the
eigenvalue of the equivalent eigenvector in the w representation, and the additional eigenvectors of
Q + k2J would have eigenvalue exactly zero.
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Proof. Let QeAC = /\ACEAC, where eAC.n = 0. J = nnT, so
(Q + kyd)e™® = A e+ hnn'e®t) = Apce™C. ]

So we can divide the eigenvectors into a set that are independent of k, (possibly
empty), and a set that vary with k,. The first sct have no DC component so will be
referred to as the AC set. The others will be called the BCc-mixed set. The dependence
of the DC-mixed eigenvalues on k, is addressed by the remainder of this theorem.

Lemma 3. In the limit ky, — +oo, only one etgenvelue diverges to oo, fis eigenvec-
tor is the DC vector.

Lemma 4. The two sets of eigenveciors , in the twoe limits ky — oo, are identical.

Lemma 5. The two seis of eigenvalues, in the two limits k, — Foo, are wdentical,
except for the Do eigenveclor’s eigenvalues {lemma 3}

Proof. In the limit k, — %oc, Q represents a negligible contribution to (Q+k,J) and
can be treated as a first-order perturbation to k,J (see appendix C). To first order,
the eigenvectors of (Q+k,J) in each non-degenerate subspace of J are the eigenvectors
of k,J. J has only one eigenvector with non-zero eigenvalue, namely the DC vector 7t
which has eigenvalue N, the dimension of the matrices Q and J. Thus to first order,
the DC vector is an eigenvector of (Q+k,J) with eigenvalue k, N +(1|Ql3) = N{ky+q),
where § = (Qij>, the average covariance (averaged over pairs of synapses i, j). To zero
order, the other eigenvectors é of @ -+ k,J are the eigenvectors of Q in the subspace
orthogonal to nf. The corresponding eigenvatues are {€|Q|é), which is always finitc.
The degenerate subspace is identical for the two matrices £,J, k, = £00, so the sets of
eigenvectors and eigenvalues in the degenerate subspace are identical in the two cases.

[

Note that lemma 3 means that in the limit k, — Zoo, since the eigenvectors are
orthogonal, all the other eigenvectors must have DC component of order k5 ' or smaller.

Lemma 6. If A(1) is a differentiable Hermitian matriz function with posilive semi-
definite derivative dA/dt then the eigenvalues A, (1) of A are non-decreasing functions

of t.

For proof see theorem V.2.3 in [1, p 459(f].
Now d(Q + k,J)/dk, = J, and J is positive semi-definite, so:

Lemma 7. The pc-mized eigenvalues of (Q+ kyJd) are monotonically tncreasing con-
tinuous functions of k.

Now we are ready to construct the spectrum, by ‘joining the dots’. Subject to the
constraints of monotonicity and continuity, we have to join the three sets of points
at k, = 0, oo (dots in figure 11). There is only one way in which this can be done,
shown by the lines in figure 11.

Result 1. There is al most one eigenvector with negative eigenvalue. Il fends lo a

flat DC function in the himit of large negative k..

t The definition of an eigenvector e of @ in a given subspace is: e lies in the subspace and is an
eigenvector of PQP where P is the orthogonal projection operator inte the subspace.
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Figure 11. Combining the lemmas. The lemmas uniquely determine the form of
the spectrum of eigenvalues of the DC-mixed eigenvectors as a function of k2. The
AC eigenvalues are horizontal lines, not shown in this figure. (a) Lemma 1 establishes
that all the intersections with the A axis are positive (black dots at k2 = 0). Lemmas
3, 4 and 5 establish the relationship between the eigenvalues at toco (black dots at
k2 = £oa). (b) Lemma 7 establishes that these points must be joined continuously
and monotonically. The lines show the only way of joining the dots to satisfy the

lEIrL[]lB.S.

Result 2. All eigenvalues but one remain finite for all k..

Result 3. The eigenvalues vary monotonically and conlinuously between asymploles,
such that each eigenvalue has a limited range as a funclion of k,, and these ranges
touch without overlapping.

Appendix C. Perturbation theory

We derive perturbation theory [8] approximations for some of the eigenvalues A£2 and
DC components n¥? of the eigenvectors of Q + k,J for large k,. These are expressed
in terms in terms of the eigenvalues A, and DC components n, of the eigenvectors of
Q, {e,, e,,€,,e5,...}. We use odd subscripts to denote the AC eigenvectors and even
subscripts to denote the eigenvectors with non-zero DC component.

For large k,, consider Q as a first-order perturbation to the matrix k,J. This
is valid iff all the eigenvalues of Q are much smaller than the non-zero eigenvalue
of kqd, i.e. if Ay € kyN. The orthonormal eigenvectors of k,J are the DC vector 7,
which has eigenvalue Nk,, and any set of AC eigenvectors orthogonal to 73, which have
eigenvalue zero. The perturbing matrix Q breaks the degeneracy of the AC subspace.
So the eigenvectors of k,J + Q for k, — F00 are, to zero order, 7i and the eigenvectors
of Q in the AC subspace (i.e. the eigenvectors of PQP where P = | — nnT is the
orthogonal projection operator onto the AC subspace). We denote these eigenvectors
by {7n,e®, e, ey,...} = {11,e,e°, e;5,...}. We use these eigenvectors as the basis
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in which we perform first-order perturbation theory. In this basis, £,J is diagonal,
and Q is diagonal except for cross terms in the first row and column:

Nk, 6 0 0
0 000
k=1 0 0 0 0 (12)
0 0 0 0
(73| Q{e1) 0 (11]Qled) 0
0 {e,1Qle,)) 0 0
Q= | CeFlam 0 ey 0 | g
Qley) -

0 0 0 {eq

To first order, the perturbed eigenvalue of the principal eigenvector 7 is ,\SE =Nk, +
(i|Qli) = N(ky + q), where ¢ = (1|Q}1) /N, the average covariance.

To estimate the eigenvalues and DC components of ¢, we need to make a further
assumption: writing 41 in terms of the eigenvectors of @,

= nye; + ne; + nye, + ngeq + {14)

where n, is the DC component of e_, we now assume that e, is close to the DC vector
A, and that [ng| 3 || > [ny| > |n,| Yo > 4. So we are assuming that e, accounts
for most of i in equation (14), and that e, accounts for most of the remainder. Then
we can approximate e5° as follows:

Nges — Nay e

oo 9=z 2%0
—=0 (15)

\/no-i-n._,

The corrections to this expression are of order n,. The assumption that e, is close
to the DC vector 71 can be mativated for non-negative matrices @ by the Frobenius—
Perron theorem (subsection 3.1).

So using first-order perturbation theory and equations (13) and (15), we can derive
the eigenvalue A and the DC component nf_f’:

?18/\2 + ”g)‘o
1?5 + n%
k2~ (1]Qled) (Mg — Az,

YDy s

Note that this shows for k, — —co that ng? and n, have opposite signs, and:

AP = (e51Q|es?) =

(Ao — Ay)ngn,
N\/ng + n%

The accuracy of these perturbation theory approximations depends on two factors.
(1) The second- and higher-crder corrections due to the use of finite &, are negligible

ka3
nyky o
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if (Ag/N)/|ky] < 1. This condition is satisfied for Linsker’s parameters as already
discussed in section 4.3. (2) Corrections to equation (15) are small if 1—(n2+n?) < 11;
this condition is increasingly poorly satisfied as /A decreases and breaks down for
C/A <~ 0.2. For C/A = 2/3 we have compared the above perturbation theory
approximations of eigenvalues and DC components with the results of the numerical
calculations described in the caption of figure 5; the two agree to within 15%.

Appendix D. Analytic results for Linsker’s system

D.1. Solution for eigenfunclions and cigenvalues

The covariance operator is = em 2 e e, multiplication by a Gaussian
of size A = r? followed by convolution} with a Gaussian of size C = rZ, where T,
and r, are the characteristic arbor radius and the characteristic covariance radius
(appendix A).

Because of the circular symmetry, the eigenfunctions of this operator can be
written as the product of a radial function f(») with one of the angular functions
coslf, sinlf.

We can find the radial functions for a given ! by the use of guesswork and {th-order
Hankel transforms, which are the Fourler transforms for cylindrical systems.

D.1.1. Hankel transforms. The two-dimensional Fourier transform of cos{(18)f(r) is
2mil cos(1g) Fy(k), where

Fi(k) :/ rf(e)J, (k) dy
i
is the {th-order Hankel transform of f{r}, and J,{z) is a Bessel function
Ji(z) = ] ] cos({f — zsin @) dd.
T Jo
The inverse transform is symmetric;

fimy = /000 kF (k) J(kr) dk.

We use the following Hankel transforms [2,13]:

f(r) Folk) f(r) Fy(k)
e-rifiB Be-Bk*{2 pe-r?[2B Bitlple— Bk )2
ple=" /2B BE(Q— Bkr*))e“Bk?"“"’ flar) a‘zFr(k/a)

f(ryxg(r)  2nFo(R)Gy(k)

t Strictly, corrections are small if na (Ao — A2)/(AJ° ~ A{®) € 1. The condition in the text only
assures ng € 1.
1 » denotes two-dimensional convolution.
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D.]Q..?. Eigenfunctions. We guess radial functions with the form of a Gaussian
e~" /2B multiplied by a polynomial, then find the parameters that make the func-
tions into eigenfunctions by solving the eigenfunction equation Q(r, ') cos(18) f(v') =
Acos({9) f(r). The way to evaluate Q(v,+') cos(I0) f(r') is to first multiply f(r') by
e=r""/24 then convolve it with e=7"/2C by going into Fourier space, multiplying by
the transform e~€**/2 and returning fromn Fourier space. The first six eigenfunctions
have been given in table . We note in addition the expression for the eigenfunc-
tions with [ angular nodes and no radial nodes: eigenfunction = »™ cos(mﬂ)e"'Q"“m,
AN = L'/ A, using the notation of table 1. Note that all the eigenvalues differ by
a ratio of L = (R — C)/R raised to some power.

D.2. Derivations

Equipped with these expressions for the eigenfunctions and eigenvalues, we can derive
or estimate several properties of the systemn analytically as a function of the Gaussian
parameter ratio C/A. We can evaluate exactly the DC components n), and n., of the
1s and 2s functions at &, = ) using equation (11):

_ J falr)e A dr
(fff(r)e""””rdr)1"3 (feo-ri/2ay (],.)1/2'

T,

Adopting the convention that the 1s function is positive, and the 2s function has a
positive centre, this gives

u

Ms = Aij2,172

and
_ u(l — 2u/rd)
VAL~ du/r] 4+ 802 /r)

where u = RA/(R+ A) and v = RA/(RR+2A). n,, and n, are plotted against C'/4 in
figure 12. n,_ is always negative, and [n,j attains its maximum value at C/A4 ~ 1/8.

We can also evaluate ¢ = 1/(1 + 2A4/C’), and the effective number of synapses
N =274

L

D.3. Perturbalion theory estimates

Using the results of appendix C, we can estimate the cigenvalue and DC component
of 25 as k; — —oo. Tn the interval of C/ A4 where the perturbation approximations are
valid, the eigenvalue of 2s at k, = —oc is greater than the eigenvalue of 2s at £, = 0,
but it never exceeds the eigenvalue of 2p (figure 12},

These approximations and the expressions in section 6 were used to estimate the
critical DC level ¢ (figure 8) and the critical number of synapses N* (figure 9).

D.4. The sign of the centre of the centre-surround struclures

Linsker noted empirically that the cenire of the centre-surround structure always has
the same sign as the DC bias g. Our analysis can explain this. We again adopt the
convention that the Is function is positive and the 2s function has a positive centre
at k, = 0. We have just shown (appendix D.2) that n, (k, = 0} is negative for any
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Figure 12. Eigenvalue ratio and DC components as a function of C/4: The ratio
Azp/r2s, and the DC components ni, and ngs are shown exactly for k; = 0. The
ratio Agp /A0 is estimated by perturbation theory for k&2 — —oo (this perturbation
estimate becomes invalid for C/A <~ 0.2). Linsker used C/A = 2/3 or 2/5 for layer
B —=C.

C/A. Thus, the 2s function for k, — —oc defined in equation (15) also has a positive
centre. Perturbation theory (appendix C) at &, = 0 shows that n, (k, — —o0) has
opposite sign to n, (k, = 0), so n,, is positive for the 2s eigenvector as k, -+ —oc.
Now wh? = —n, kol VN gw,a,/(Aos/ N), so whl has the opposite sign from g. w,,
starts near the origin and grows in the direction opposite to the fixed point, so a
positive bias will cause a centre-surround structure with positive centre to emerge,
and a negative bias causes a negative centre.

Appendix E. Derivation of constrained dynamics

Let P be the orthogonal projection operator onto the surface 3 Jw; =0, P = (!—ﬁﬁ,T)
where 1 is the identity matrix. We start from equation (5):

H

w=(Q+kJ)w + kn.

Writing w = Pw + %(w +m)n we examine the evolution of the DC component and
the AC part of w:
d

a(‘w-n):'n-(Q—{—kQJ)w—%-kln-n

n-(Q+ sz)(Pw + i\((‘wn)n) + Nk,

1 k
=nQPw + E(w -n)nQn + Nz(w -n)ndn+ Nk,

= nQPw + (w-n)(gN + k,N)+ Nk,
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where § = (Qij>, the average covariance. For large k; and k, we can neglect the first
two terms and we have

< (wem) = N((w-n)k; + k).

So if k, is negative, (w - n) decays towards an equilibrium value of k, /|k,|.
Now the evolution of the AC component is derived:

(Pw) =P(Q+4 kJ)w + &, Pn
=PQ(Pw + %(wn)n)

since PJ = 0 and Pnn = 0. So once w lies in the constraint surface

i = PQPw + |k':|1Nan' {16)

Appendix F. Derivation of w,(0) (subsection 6.2)

rms

We estimate the typical magnitude of w, (0} with the root mean square value of
e, +w(0):

var{e, - w(0}) = var(z eilluni((])) = Z{e&l))gvar(wi(O))

i
Because e, is normalized, Zi(eil))2 =1, s0
var(e, » w(0)) = var(w,(0)).

When g = 0, if the w;(0) are uniformly distributed on [~ 00> Winax)s Var{w,(0)) =
Lw? . Thus w,(0), = ﬁwmax. When ¢ > 0, the weight vector is initially projected
into the hyperplane w(0) = gw,_ .. The initial fluctuations in w,(0) are then dimin-
ished because a certain fraction of the weights get squashed against the upper hard
limit and are no longer random variables, After this projection, the distribution of
weights has a delta function of size u/2 at w(0) = w_,,, and is uniform on the interval

(-1 —uhw_ ., w,.. ), where u = 2(1 — /T — g}. This distribution has w(0) = gw
and +/var(w;(0)) = ¢(g)w,,,, where a(g} = \/é(Q - 3u? + 203 — 2u?). Thus,

max?

wl(o)rms = U(g)wmax'

If the principal eigenfunction has a degeneracy d (for example 2p has d = 2), then the
effective fluctuations are larger by a factor of \/3, $0:

wl(o)rms = U(g)wmax\/&A
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Figure 13. The model system studied. (a) The network is made up of one
dimensional layers of neurons. Each newon receives synapses with uniform density
from a row of » neurons divectly below, (b} The munber of Inputs comanon to two
laver B nevrons with ovedapping arbors is n—{j ~ &, where 7 and & Iabel the neurons
sequentially. {o} Covariance function in jayer 5 as a function of reparation: assuming
ne correlations in laver A, the covariance is propartional to the overlap.

Appendix G. Solution for a model system

A complete solution has been obiained for equation {3} for a model one-dimensional
system. It was hoped thai the emergence of centre-surround receptive fields in two-
dimensional svstems should he replicable in a network with one-dimensional layers
{figure 13{a)}, and would be easier to understand there. This model system does
share all the properties of Linsker’s system, except for a subtle twist in the robusiness
of the centre-surround structures.

Let each neuron receive conneciious from a finite arbor of width »n with exiform
synapiic density. By analogy with Linsker's network, the first layer of weights are all
set to the positive hard-limit. This generates correlations between the activities of the
units in the second layer B. These correlations will drive the production of non-trivial
connections to layer .

If the noise in the first layer s uncorrelated, the covariance between two units in
tayer B is just proportional to the amount of overiap in their inputs (fgure 13(83, {¢})1:

g =i~ lj—ki<n ;
%={; k> .

where 7 and & label the nevrons in layer B sequentially. So the covariance matrix for

t tere we use Q}-‘i = §ik and wpas = 1.
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a layer C neuron with a row of n inputs is:
n n—-1 n—-2 - 1

n—1 n n-—1 2
Q5=|n-2 n-1 n 3
1 2 d ceeon

Let us go to the continuum limit and consider a single neuron in layer C that
receives a continuum of inputs from the interval —n/2 < 2 < n/2. The synaptic
strengths are now represented by a weight function on the interval (—n/2,n/2) rather
than an N-dimensional vector w. The covariance function is (figure 13(b)):

Qlz,y)=n—|z -yl [z],ly] £ n/2
where 2 and y label the distances of input cells from the centre of the arbor. Now we
want to know:

e What are the eigenfunctions and eigenvalues of the operator (Q + k,J)7
e Tow can the fixed point of the dynamics be characterized?
e Can centre-surround weight functions dominate the dynamics of this system?

Figure 14. Eigenfunctions and eigenvalues as a function of k;. This schematic
diagram shows the largest eigenvalues as a function of k2. The horizontal lines are
the eigenvalues of the antisymmetric functions, which are independent of k3. The
lines with positive gradient are the eigenvalues of the symmetric eigenfunctions. The
little boxes show schematically the structure of the eigenfunction associated with
each eigenvalue.

G.1. Eigenfunctions

The function Q(z,y) + k, is symmetric under interchange of z and y and also under
the transformation (z,y) — (—z,—y). (In terms of matrices, the matrix Q + k,J is
symmetric about both diagonals.) This means that not only are the eigenfunctions
real and orthogonal, but they must also be eigenstates of the transformation z — —z,
le.
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Property 1. The eigenfunctions can be divided into a set of symmetric and a sel of
antisymmetric functions.

The symmetric eigenfunctions are the analogue of the s-modes in Linsker’s two-
dimensional system. Now since J = nnT, J.w® = 0 for all antisymmetric w? {and
for any w with no DC component). So:

Property 2. The antisymmetric cigenfunctions and cigenvalues are independent of

.

The eigenfunctions are deflined hy:

nj/2
/ (Q(z,u) + k) w(y) dy = dw(x). (18)

—nf2

Such eigenfunction equations cannot gencrally be solved analytically. This one can be
solved, however, because the integral operator is a function of {z—y) (le. is Toeplitz),
and has a simple piecewise linear forn. As shown in appendix H.1:

Property 3. The antisymmetric eigenfunclions arc sin funclions and the symmetric
eigenfunctions are cos functions with frequency w related 1o A by w? — 2/A. For
sufficiently negative ky there is also a cosh solution with negative eigenvalue,

The possible frequencies are discretized and depend on k. The discretization
condition is derived in Appendix H.2. The eigenfunctions and their eigenvalues are
shown schematically as a function of k, in figure 14.

G.2. Discussion of eigenfunctions
As we vary k,, the properties of the eigenfunctions distinguish two regimes:

e k, > —n/2. Here, the eigenfunctions are strictly ordered in eigenvalue by the nurn-
ber of changes of sign in each eigenfunction, and there are no eigenfunctions with
negative eigenvalue. The eigenfunctionf %/ (z) with no zero ¢rossings dominates
the dynamics, since it has the largest eigenvalue,

Property 4. When k, > —n/2, the principal eigenfunction is symmetric and has
ne changes of sign.

The centre-surround eigenfunction with two zero crossings, w?)(z), is the eigen-
function with third largest eigenvalue, so it has smaller typical growth rate.

¢ k, < —n/2. Here, the principal eigenfunction is the antisymmetrie function
(¢ )
wh ().

Property 5. When k, < —nf2, the principal eigenfunclion is antisymmetric and
has one node.

w(®)(z) changes from a cos wave with no zero crossings to a cosh solution with
negative eigenvalue. w(D)(:c) 1s now associated with a constraint surface since it
has a negative eigenvalue. In the limit k, — —oo, w(®)(z) tends to the flat DC
function, with eigenvalue A — (k, + 2r/3)nt.

t The eigenfunctions will be labelled with a superscript denoting their number of Zero-crossings.
1 See appendix H.3.
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FProperty 6. When k, « —nf2, ihere is a po eigenfunction with large negolive
etgenvalie,

The dynamics attract the trajectory to a plane perpendicuiar to this direction, so:

Property 7. When ky < —nf2, the weighl vector is constrained o have & certan
total DC component.

Equivalenily, the average synaptic strength is constrained to be a constant g, given
in terms of the parameters byt:

/ )
g=w-nfn= ——te—,

nlk, + 2n/3|
Within this constraint hyperplane, if k; = 0 (so that the fixed point is at the
origin}, the antisymumetric eigenfunciion ' {z) with one zero crossing dominates
the dynamics, since i is now the principal eigenfunction.

So for k; = 0, there are two parameter regimes, ky > —n/2 and &, < —n/2, in which
w(®(2) and w1 {2) dominate respectively.
4 1 i

Froperty 8. The cendre-surround ergenfunciion s never the principal eigenfunclion.
I1 15 the principal symmelric eigenfunction for by < —n/f2.

(.3, Fired potnt

Substituting intoc equation (6}, the component of the fixed point in the direction of
an eigenfunction is k,el® /), e it is proportional to the DC component, of the
eigenfunction. So:

Properiy 8. The Jized potni has no component in the direction of any enfisymmeiric
gigenfunclion.

in the limit of largs &, the components of the fixed point in the direction of each
eigenvector can be found analytically. As shown in appendix H.4, the components in
the direction of the symmetric eigenfunctions are all of equal order. Thus:

Property 10, The fized point gives o velocily advantage to the growth of symmetric
ergenfuncirons.

G4 Discussion of a fired point

The cnly chance for centre-surround weight functions to be obtained with high proba-
bility is if it is possible for the fixed point to give a *head start’ to the centre-surround
function w'®{z). The fixed point oaly has non-zero components in the direction of
syrnmetric eigenfunctions. So having chosen &, € —n/2 to kill the dominant eigen-
function w 9{z), it seerns possible that k, might be chosen o give the second-in-line
w?)(z) a sullicient advantage in growth rate for it to dominate over the leading anti-
symmetric eigenfunction w{z). However increasing &, has two effects. The distance
of the fixed point from the origin is proportional to k,, so:

{ See appendix H 4.
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Property 11.  Increasing k,:

1. qives a velocity advantage to the growth of symmetric eigenfunctions;
2. increascs the size of Do component that the werght funclion is constrained to have.

We can now refer to the criteria of section 6 to estimate whether centre-surround
structures will dominate the dynamics.

G.4.1. Energy criterion. For this simple system it is possible to evaluate the encrgies
of the appropriate fully saturated structures exactly, and we are able to see how badly
our approximate estimates perform. The energies of a saturated symimetric centre-
surround structure and a saturated asymmetric structure are (to within an additive
constant):

Esymm :—éna(l—gz)(l-}:}g) and Easymm :ﬁﬁna(lmgg)

S0 Esymm = Egymm 1Mplies ¢ = 1, and a saturated centre-surround structure is never
the energy-minimizing configuration for this system. ‘T'his exact result gF = 1 can be
compared with the estimate of g% (using A\, = 2n%/72, Ay = 0% f27? ok, = V2), /),
g% = 1/(1+2v/2/3) = 0.51. We can sce that for the extreme case g = 1 our estimator
performs rather poorly.

S0 in this model system, there are only two energetically robust parameter regimes,
dominated by w(® and w("): this is a difference from Linsker’s system, in which the
centre-surround structure becomes energetically favoured before the DC level swarmnps
the visibility of AC structures.

Property 12.  Centre-surround structures are never the energy-minimizing struclures.

G.4.2. Time development criterion. N™ can be evaluated also:

ve = P9 (V2= 1g+1)°
T 16651 - g)F

and with a sufficient number of synapses, centre-surround structures do indeed dom-
inate the initial dynamics; but the subtle twist is that (in contradiction to assump-
tion 1) the resulting saturated centre-surround structures are not necessarily stahle un-
der equation (3): saturated centre surround structures can collapse synapse by synapse
into the mare energetically favourable asyminetric state. Whether this collapse occurs
depends sensitively on the parameters. For a neuron with N equally spaced inputs it
can be shown that there are N/2 + 1 regions in which saturated centre-surround js
stable and N/2 regions in which it is not (for & even: similar results hold for N odd).
We state without proof the boundaries between these regions: for large negative k,
there is a transition between a stable and unstable centre-surround region at every
9 = 2(2I +1)/N, where I is an integer € [0, NV/2—1]. A set of (N + 1) zebra stripes
In parameter space result, Thus the final twist in this model system is that although
centre-surround structures can dominate the initial dynamics if symmetry breaking
fluctuations are suppressed, their final stability is not robust to small variations in the
parameters.

Property 13.  Centre-surround structures do nol necessaridy cecur robustly.
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It is not known whether this instability that s so sensitive to the parameters is a
special property of this systerm. Perhaps the extremely ordered form of the network
may be responsible for the strange behaviour, and 2 randomized form of the same
network would behave differently. Another possibility is that the stability of domain
boundaries to distortions in onc- and two-dimensional systems might be different.

.4 Summary

The important features that we wanted to know to characterize the dynamics were the
principal components of Q + k,J, its negative eigenfunctions, and a characterization
of the fixed point.

There are two regimes.

1. When k, = 0, the principal component is a cos Tunction with no changes of sign.
There are no negative eigenvalues.
2. When k, < 0:
» The principal component is an antisymmetric sin function with one change of
sign.
The principal symmetric eigenfunction is the centre-surround eigenfunction.
» There is a single negative aigenvalue corresponding to a flat eigenfunction,
which enforces a constraint on the total synaptic sum.
¢ The location of the fixed point fixes the level of the constraint, and 1t
favours the growth of symmetric eigenfunctions. By energy considerations,
centre-surround structures are never favoursd over asymipetiic structurss.
If symmetey-breaking fluctuations are suppressed, centre-surround structures
may dominate the initial dynamics, but their stability on the hypercube de-
vends crazily on the precise values of the parameters,

So this model system has properties analogous to all the properties of Linsker’s system,
with the exception that there is no regime in which centre-surround structures are
robustly favoured.

Appendix H. Derivations for model system

H. 1. Ewgenfunciions

Starting from equation (18), the eigenfunctions satisfy:
i
[ty 12~ ey = dta) (19)
-~

where m = n/2.

We differentiate equation {19} twice with respect to z. Differentiating the tri-
angular function {n + k, — |2 — yi} twice gives a delia function at ¢ = y, and we
obtain:

82 I @2 74
)iaw:-c—zw{z) = . m[n + kg = - yhw{y)dy = /:_m —28{z — yywly)dy = ~2uw{x}
50

w’(z) = —Fw(e).
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So the antisymmetric eigenfunctions are sin waves and the symmetric eigenfunctions
are cos waves with frequency w related to A by w? = 2/A. There may also be a
cosh solution with negative eigenvalue. The possible frequencies are discretized and
depend on k,. The discretization condition can be found by explicit integration of the
eigenfunction equation.

H. 2. Discretization of eigenvalues

Let w(z) = coswz:
T m
Acoswz:l:] {(7z+k2—m)+y]coswydy+f {{(n+ky+z)— y} coswy dy.

Now using f: coswydy = (1/w)sinwyl® and f:ycoswy dy = (1/w)ysinwy|? +
(1/w?) coswy|® we obtain:

I3

2 . 2
I'=—{m+ky)sinwm — —; coswm 4 — coswz
w w w

so we have an eigenfunction coswez with A = 2/w? iff the following discretization
condition holds:

2 , .
~(m 4+ ky)sinwm — — coswm =
w w?

1
om{(ky/m) + 1

tanwm =

The solutions to this transcendental discretization condition are displayed graph-
ically in figure 15,

(el : :
0 : [
Vo 0y |
\\ _;i/m(m+k2) for k,>-m

wm

i]/&)(mi—kz) for k2<-m

Figure 15. Solutions for frequencies of eigenfunctions. The functions tanwm and
1/[wm(ky /m+1)] are shown, At all mw where the curves intersect, there is a solution
for an eigenfunction coswr. The second curve is shown twice for two different values
of k2, one greater and one smaller than —m. At each wm = (N + 1/2)}x there is a
solution for an eigenfunction sinwsz.
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Similarly for w(a) = sinwz, the discretization condition is found to be:
coswm =0 = wm = (N + 1/2)7.

Thus the antisymmetric eigenfunctions and eigenvalues are independent of k., as
stated in appendix G.1.
Notice that the discretization condition for the cos solutions has a critical point

at k, = —m, at which the cos and sin eigenfunctions are pairwise degenerate. Beyond
the critical point, a single cosh eigenfunction w(z) = coshwz emerges with A = —2/w?
where:
1
—tanhwm =

wm {ky/m+1)

H.3. Limiling properties

By considering figure 15, it can be seen that as k, — Foc the frequencies of the cos
solutions all tend to a multiple of 7/m. If we usc the label a to denote the number of
zero-crossings in the function, then we have w, — am/2m, The limiting eigenvalues
of the eigenfunctions are A, = 2/w? = 2n%/a* 77, except for the case a = 0, for which
w? = 1/mk, to leading order, giving Ay, — k,n.

II.4. Components of a fired point

In the limits k, — oo, the DC component n, of the ath normalized eigenfunction
w'®)(z) is (to leading order):

m 1
— Aediy s —d

™ cosw, Y
_m Vmn

3

dy for @ > 0 and even

IR

M,

The argument mw, — 7a/2, since

1

wm (ky/m + 1) -0

tanwm =

So we can use sinmw, ~ (—1)"?tanmw, ~ {=1)*%/w k, and A, = 2/w? in the
above expression for n,:
n = (_1)012)\(1
a“ \/i'r‘m‘c2

We can obtain the components of the fixed point in the eigenvector basis from
this:

for @ > 0 and even.

k
wSP == lf\ﬁna
b (-D%7

= for a > 0 and even, and k, — +oco.
k m
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So all these cotnponents have equal magoitude, to leading order, in the Hinit by — doo,

e
2wk’

differs by a factor of V2 wl¥ = —(k, /k,)3()//Zm). Carrying the integrals and

normalization to O(k; %), we obtain:

wlt =k, [V 2mlk, + ),

And the location of the constraing surface is, for by w —o0:

S = VRl = b+
1
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